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Abstract-With recycling, new newspaper is produced using new and old fibres as inputs. Each 
time old newspaper is recycled, it loses some percentage of its fibre. This loss, in percentages, changes 
in successive iterations. The problem is to measure this asymptotic yield loss. This information is 
important to measure the amount of old newspaper necessary to produce the final output in the 
required quantity. The problem leads to a higher order nonlinear difference equation. Exact solution 
is possible since the difference equation is linearizable. 
With recycling, new newspaper is produced using new and old fibres as inputs. It will be assumed 
that the proportion of the weights of new and old fibres is constant over time: p is the proportion 
(weight) of fibre received from old newspaper (ONP), and 1 - ~1 is the proportion (weight) of new 
fibre per input weight. Each time ONP is recycled, it loses some percentage of its fibre. This 
loss, in percentages, changes in successive iterations. The rate of loss of fibre recycled i - 1 times 
during cycle i (i.e., the rate of loss of vintage i fibre) is denoted by si. It is assumed that all fibre 
of vintage n is lost during cycle n (where n is finite), i.e., s, = 1. 
If Ti denotes the quantity of output per unit input at the end of cycle i, the loss at the end 
of cycle i is 1 - Ti. Since the raw input consists of fibres of different vintages, the loss, at each 
cycle, is a function of the amounts of different vintage fibres used as inputs. The problem is to 
find the asymptotic loss of fibre per input, which is called the yield loss. If Ti + T as i + 00, 
the yield loss is 1 - T. It will be shown that this value exists, and at the end of the paper, a 
numerical example is given for its calculation. 
If the weight of input is X, including new and old fibres, the asymptotic amount of the product 
is TX = D, where D denotes the weight of the final output. Since input consists of ~1 parts of 
ONP, the total of ONP required is /.JX = (,u/T)D. p/T is the amount of ONP that is necessary 
to collect and use to produce a unit weight of the final output. 
It will be assumed that at any phase of recycling, ONP originates from the paper produced 
in the previous cycle. (It is typically not the case. Especially at the beginning of the recycling 
operation, there can be a great amount of paper that has not yet been recycled. It is, therefore, 
logical to use the newer paper before such ONP that has been recycled more than once is used. 
Sooner or later, the newer ONP is used up and the older one needs to be used for recycling. Our 
“second” cycle is the one during which we use first once-recycled newspaper only. The third, and 
consecutive cycles, are defined similarly.) 
At cycle 1, the quantity of waste, per unit of input, is psr. Accordingly, the quantity of output 
per unit input is TI = 1 - psi. 
At cycle 2, for any unit of input, 1 - p quantity of new fibre and ~1 quantity of ONP is used 
from the previous cycle. ONP originates from the output of the previous cycle in which the ratio 
of weights of the not-yet-recycled ONP to the once-recycled ONP is (1 -p)/p(l- sr).l Therefore, 
*The problem was proposed by my colleague, Norman Bonsor. Any error in this paper, however, is my responsi- 
bility alone. 
‘Note that (1 -p) +p(l - SI) = 1 -PSI = rl. 
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a unit weight of ONP that is used as input at cycle 2 consists of not-yet-recycled ONP in weight 
of (1 - p)/Tr and once-recycled ONP in weight of ~(1 - sr )/Tr . Considering that any unit of 
input contains p-part old fibre (ONP), at cycle 2, therefore, the waste, per unit of input, is 
and, per unit of input, the output consists of 1 - b quantity of not-yet-recycled newspaper, 
once-recycled ONP in weight of [(l - p)/Tl] . ~(1 - sr), and twice-recycled ONP in weight of 
[/4 - sl)/Trl . PO- ~2). 
The sum of these define Ts: 
1 _ ~ + CL@ - p)(’ - ‘1) + p2 (l - ‘l)(’ - ‘2) = T 
Tl Tl 
2. 
At the end of cycle 2, the ratio of the not-yet-recycled newspaper to the once-recycled news- 
paper to the twice recycled is: 
At cycle 3, therefore, any unit weight of input contains 1 -p quantity of new fibre, p( 1 - p)/T2 
not-yet-recycled ONP, ~~(1 -p)(l- sl)/(T T ) 1 2 once-recycled ONP, and p3(1-s~)(1-s2)/(T~T2) 
twice-recycled ONP. Accordingly, the waste is 
P 
(1 - Pbl 
572 
+ p2 (1 - p)(l - sl)s2 + p3 (1 - 3l)(l - 32)s3 
TlT2 TlT2 
At the end of this cycle, it remains, per unit input, 1 - p quantity of not-yet-recycled newspaper, 
I@- /J)(l - Sl)/T q 2 uantity that is recycled once, p2(1- ,~)(l - sr)(l - sz)/(T~Tz) quantity that 
is recycled twice, and ~~(1 - sr)(l - sz)(l - ss)/(T~Tz) thrice recycled ONP. The sum of these 
is the weight of output per unit input: 
1 _ ~ + /p - P)(l - 31) + p2 (1 - P)(l - Sl)(l - 32) + CL3 (1 - a)(1 - s2)U - s3) = T3. 
T2 TlT2 TlT2 
Similar, but increasingly messy, further considerations would lead us to the definition of T4: 
1 _ LL + J1 - P)(l - Sl) + p2 (1 - P)(l - Sl)(l - 32) + p3 (1 - cl)0 - Sl)(l - 32)(1 - s3) 
573 T2T3 TlT2T3 
+p4 (1 - a)(1 - s2)(1 - s3)(1 - 34) = T 
TlT2T3 
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and for lc 5 n, similarly, 
1 _ ~ + p(l - P)(l - 31) + p2 (1 - P)(l - Sl)(l - s2) +. . . 
Tk-1 Tk-2Tk-1 
+ pk-l ( 1 - /_i)(l - sl)(l - 32). . . (1 - Sk-l) 
TIT2 . . . Tk-1 
+ pk (1 - %)(I - 32). . . (1 - Sk-l)(l - Sk) = T 
TlT2.. . Tk-1 
k* (1) 
For k = n, sn = 1, therefore, the last term on the RHS vanishes. For the same reason, for 
k 1 n, the number of terms on the LHS remains n: 
.J, _ ~ + $1 - cl)(l - Sl) + p2 (1 - P)(l - Sl)(l - 32) +. . . 
Tk-1 Tk--PTk--1 
+ $_l (1 - P)(l - %)(l - 52) + * * (1 - h-1) = T 
Tk-n+l . . . Tk-1 
k. (2) 
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Equation (2) is a nonlinear difference equation of order 7~. Normally, such recurrence relations 
require a numerical solution unless some ad hoc method can be found for an analytic solution. 
In our case, to find an analytic solution is relatively simple since (2) can be “linearized”:2 after 
multiplying both sides of (2) by TIT,. _. Tk-nTk_-n+lT.. Tk_l, and introducing the notation 
Yk =TrTz...Tk,weget 
plfi-1 + p2yk-2 + myk-3 f ’ * ’ + h-1 yk-(,- 1) + ?haYk-n = yk, (3) 
where pr = 1 - p, and pi = ~~~‘(1 - CL) II;:\ (1 - sj), i = 2,. . . , n. Equation (3) is a linear, 
constant coefficient difference equation with positive pi, i = 1,. . . , n, coefficients. Due to the 
special form of the characteristic equation, on the basis of [l], it can be easily seen that there 
is one and only one positive characteristic root X., and for every other root &, i # *, we have 
IX,\ < X, (see Appendix). ALssuming that the characteristic equation has single roots only, the 
general solution of (3) can be written as 
Yk = A& + A& +. + + A&, (4) 
where the Ai’s are determined by the initial values Yr,Yz, . . . ,Y, (given Tl,Tz, . . . ,T,). Since 
these initial values are all positive, the principal root will appear in the solution (its coefficient 
A. # 0): otherwise, the solution would take on negative values for some k which is impossible. 
We also get, obviously, that 
V 
rk ~ =Tk. 
yk-1 
From (4) and (5), 
Dividing numerator and denominator by A,At-‘, we get that 
(5) 
(6) 
Now let k + 00. Since (X,/X,)k-’ + 0 unless i equals the index denoted by the asterisk, we get 
that Tk -+ x, (= T). 
In case the characteristic equation has multiple roots, the proof of convergence would be similar. 
If we had accepted that the limit exists without the above proof, we could have gotten to the 
result faster. If Tk + T, in (2) we can write T for Tk and all lagged Tk_i. This would give for T: 
1 _ ~ +Jl - cLH1 - 81) + p2(1 - PL)(l - Sl)P - 4 + _. . 
+lin._l~l-~~l-Sl~(1-S2)...~i-~~-l~ _T, 
p-1 
After multiplying both sides by p/(1 - p)T and rearranging, (2*) can be written as 
b,x” + b,- 1 xn-l $ . . . + b2z2 + 5 - &j =O, 
P*) 
where bi = (1 - sl)(l - 92). , . (1 - si-I), i = 2,. . ,n, and t = p/T. 
In the numerical example, it will be assumed that each time ONP is recycled, it loses the same 
l/6 of its fibre. During the first recycling, it loses l/6, that is, 16.67% of its fibre: sr = 0.1667. 
During cycle 2, out of 5/6 of its fibre, it loses the same amount, l/6, that is, s2 = 0.2. During 
2The idea of linearization is due to Arpad Elbert, Institute of Mathematics of the Hungarian Academy of Sciences, 
Budapest. 
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the third cycle, out of 416, the loss is l/6, that is, 5s = 0.25. Similarly, s4 = 0.3333, sg = 0.5, 
and ss = 1. 
Then 1-sr = 0.8333 = 5/6; (1-sl)(l-~2) = 0.6667 = 4/6; (l-sl)(l-sz)(l-~3) = 0.5 = 3/6; 
(1 - sl). . . (1 - s4) = 0.3333 = 2/6; and (1 - sr) . . . (1 - s5) = 0.1667 = l/6. These values give 
exactly those amounts that remain from a unit of fibre after consecutive recycling. 
For p = 0.4, we get Tl = 0.9333, Ts = 0.9286, Ts = 0.9262, T4 = 0.9251, T5 = 0.9242, and 
T = 0.9242. 
Results for T, given b: 
p = 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
T = 0.9830 0.9652 0.9459 0.9242 0.8986 0.8664 0.8235 0.7617 0.6595. 
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APPENDIX 
Polya and Seegij prove [l, Problem 161 that if a polynomial of the form 
.zn --pr.% n--l - pz*n--2 - . . . -p,, 
where pi 2 0 for all i and pl + . + p, > 0, has just one positive zero <. In (1, Problem 171, it is proved that if 
zu is a zero of the polynomial 
an + alz”-l+ a&+’ +. . f + a,, 
then C > ]zo], where C is the only positive zero of the polynomial 
zn - ]al]z n--l - la2].Zn--2 -. . - janI. 
Our characteristic equation is 
tn - p#---l _p2zfi-z_..._pn =O 
with all pi positive. We need to prove that (X. =) < > ]zo] (with strict inequality) for all roots different from X,. 
First assume that zo is a negative zero. It is easy to show that ]zc] = C is impossible. Assume that to = -6. 
Then it is not only true that 
C” =p16+l +p2r2 +.. . +pn, 
but also, if n is even, 
C” = -pr<n-1 +p&“r-s - . +p,, 
which is impossible since on the right hand side in the previous equation all terms are positive, and in the latter, 
some of those are there with negative signs. (For odd n the proof is similar.) 
When zo is a complex (not real) number, ]zo] = C is again impossible. Assume it is so. Then 
n-1 
C” = lZOln = IPlLo + ~~~+PnI<p~~~oIn+p2~Zo~n-2+~~~+p,=6n, 
since for complex numbers \zr+zz] = ].q]+]z2] only if z2 = f(zl for some real K. This is impossible for zr = piznmi 
and ~2 = pi_izn--r-l. 
We got that C” < C”, which is impossible. I 
